T he growth in the hedge fund industry during the last two decades has been accompanied by a general decline in the performance of hedge funds. According to the principles of economic theory, this should be expected because the increased flow of capital erodes market inefficiencies, and, thus, reduces performance of hedge funds and funds of funds. Of course, during the last two decades we have seen a general decline in the performance of equity markets, and to the degree that most hedge tunds have significant exposure to equity markets, the decline in equity markets' performance has impacted the performance of hedge funds. Exhibit 1 displays the rolling 3-year performance of the CISDM Funds of Funds Index, the Russell 3000 Index, the Lehman Aggregate Index, and a portfolio oí the Russell 3000 and Lehman Aggregate indices that has the same volatility as the CISDM Funds of Funds index. There is a noticeable decline in the performance of all these indices since 1990.
The next question is whether this decline in the performance of hedge funds has been accompanied by a similar decline in the riskiness of hedge funds. Exhibit 2 reports the 3-year rolling standard deviations of the CISDM Funds of Funds Index, the Russell 3000 Index, and the Lehman Aggregate Index. There was a significant decline in the volatility of the CISDM Funds of Funds index during the early part of the current decade, and this may explain the decline in the performance of the Funds of Funds Index. Exhibit 3 displays the 3-year rolling estimates of the beta of the Funds of Funds Index with respect to the Russell 3000 and the Lehman Aggregate Indices. The equity exposure of the Funds of Funds Index has increased in recent years while the fixed income exposure of the index has become negative.
Finally, we may examine the excess risk-adjusted return on the Funds of Funds Index. For this simple exercise we use the Russell 3000, the Lehman Aggregate, and 90-day U.S. T-Bill as independent variables. Exhibit 4 displays the 3-year rolling estimates of the alpha of the CISDM Funds of Funds Index while Exhibit 5 displays the 3-year rolling estimates of the R-' of the regression. These two exhibits show that there has been a noticeable decline in the estimated alpha and a significant increase in the explanatory power of the above simple regression.
More sophisticated empirical academic and industry studies conducted during the past 10 years have come to the conclusion that hedge funds on average are finding it more difficult to earn uncorrelated returns, and, therefore, hedge funds have been forced to increase their exposures to various sources of risks in order to maintain an acceptable level of performance. This academic research 
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has led to the development of a number of replication strategies that in some cases can explain close to 90% of the average return provided by various hedge fund strategies (see Karavas, Kazemi, and Schneeweis [20{) 3], Fung and Hsieh [2()07a,b|). Hedge Kind investors have started to pay more attention to these results and have expressed interest in investment products that could provide hedge fund like return at a lower cost. Further, these replication products provide the added benefits of more transparency as well as liquidity.
A number of financial institutions have responded to this demand by offering investment products that are based on the academic research (see Gupta, Szado and Spurgin [2008] ). Broadly speaking, these investment products are based on two rather different approaches: 1) a factor-based approach to replicate time series of hedge fund returns and 2) an option pricing (payoffdistribution) approach to replicate distributional properties ot hedge funds returns. See Amenc, Gehm, Martellini .md Meyfredi [2007] for a complete review of these approaches.
In the factor-based approach the weights of the replicating portfolio are estimated using a linear model. The independent variables are investable factors and typically consist of various equity and bond indices. Though in some cases portfolios of options may be used to account for the potential presence of nonlinearity in hedge fund returns (Fung and Hsieh [1997] ), the goal is to find a portfolio so that the out-of-sample time series of its return is highly correlated with the time series return of the target, which is usually a diversified portfolio of hedge funds.
(1) Equation (1) represents a typical linear model that is estimated when the tactor-based approach is used. Here, R_ is the rate of return on the target portfolio, /;, is the riskless rate, F^, for/= 1, ..., Nrepresent the returns on Ninvestable factors, and ^, for ("-1, ..., Nrepresent the parameters of the model that need to be estimated. These parameters represent the portfolio weights. Since hedge funds can take both long and short positions, there are no restrictions on the parameters. The out-of-sample return on the replicating portfolio is then given by
As discussed in Amène, Gehin, Martellini, and Meyfredi [2007] the factor-based approach works well only for a few strategies and only when it is applied to diversified portfolios of hedge funds. Further, the outof-saniple explanatory power of these models is fairly low, which leads to significant tracking errors.
Based on the theoretical work of Dybvig |19H8] and using the numerical procedure initially developed by Robinson [1998] , Amin and Kat [2003] show that payoffs from certain hedge fund indices were not efficient (i.e., cost too much to create) and that contingent claims on a combination ofthe S&P500 index and cash could be created to provide the same payoff distribution as the target. Using the same approach, Kat and Palaro [2005] proposed a replication strategy that would reproduce the distributional properties of a given hedge fund, including its relationship to an investment benchmark. Recently, Papageorgiou et al. [2007] proposed changes in this Kat-Palaro model to overcome some of its shortcomings related to how the daily trading strategies are derived from the distribution of monthly returns.
Briefly, suppose R denotes the monthly rate ot return on a hedge fund. Also, several liquid assets are available to implement the replication strategy. Let F denote the monthly rate of return on asset /. We assume that cash is represented by / = 0. Finally, there is a benchmark asset and the rate of return on this asset is denoted by R,. In the approach proposed by Kat and Palaro [2005] one would seek a payoff function _^ such that
In this case the reference asset 1 is combined with the benchmark to replicate the payoff distribution ofthe hedge fund. To estimate and implement the dynamic trading strategy that would replicate the contingent claim whose payoff is represented by ^(^ ), Kat and Palaro [2005] have to make a number of assumptions regarding the marginal and joint distributions ot asset returns. Further, the replication procedure may require daily trading, which could increase the implementation cost ofthe product.
In his original paper on measuring efficiency of structured product, Robinson [1998] bad a clear and unambiguous cboice regarding the reserve asset. The choice ofthe reserve asset, however, is rather unclear when it comes to replicating the payoff distribution of a hedge fund. The most important shortcoming of this approach is that the per-period return on the replicating product may display very little relationship to the per-period return on the hedge fund. That is, no attempt is made to increase the out-of-sample correlation between the hedge fund return and the return on the replicating product.
Another important point that is not clearly addressed in the Kat-Palaro approach is the changes in the distributional properties ofthe hedge fund that are being replicated, and more generally the choice of properties that are being matched. For instance, let ßj,(i) denote a set of properties of a hedge fund which are observed or estimated using tbe information available at time T(e.g., ^¡,01 typically includes standard deviation, skewness, and kurtosis ofthe hedge fund as of time 7^. One possibility is to form a replicating portfolio so that its properties over T= T+ 1, T -^ 2, ... will be equal to iî^^(7^. That is, the objective is In tbis case the portfolio is managed to match a fixed set of properties given by iî,,(T).
Alternatively, the objective could be to follow a trading strategy that would match Í2,,(T^ for T> T, which means that as the distributional properties of the hedge fund change, the distributional properties of the replicating portfolio should change as well. That is, the objective would be to perform the following optimization: mm n,,(T-l)-Q,(r So the goal is to form a portfolio at time X that would replicate the observed properties ofthe hedge fund at time (r-1). However, it appears that trying to match the time series ofthe distributional properties of a hedge fund is as difficult a task as matching the time series behavior ofthe return series. That is, the payoff distribution procedure would suffer from the same problem that affects the factor-based replication approach: tracking a dynamic system with limited int'ormation.
Further, a possible source of alpha for hedge funds could be the manner in which some of these distributional properties change over time. In other words, hedge tund managers are able to generate alpha because they can time volatility, skewness, or kurtosis of their fund's return. Therefore, a replicating portfolio that cannot match those changes may under-perform the hedge fund.
An equally important outcome of research on the replication of hedge funds relates to the performance evaluation of hedge funds. In fact, most early research on replication of hedge fund returns was conducted with the goal of developing appropriate benchmarks for hedge funds. The replication methodology may be used to determine whether a hedge fund manager is selling mostly beta or alpha. If the return is mostly due to the beta exposure of the fund, then the manager should expect to be compensated similar to a mutual fund manager rather than a hedge fund manager. On the other hand, a pure alpha provider could demand hedge fundtype compensation. In most cases, however, hedge funds are likely to be sellers of both betas and alphas, which would then call on the development of a compensation package that reflects the relative shares of alphas and betas in the total return offered by the hedge fund.
The replication methodology discussed in this article is particularly suitable for performance evaluation. As we show below, our replication methodology develops two distinct replicating portfolios. Each portfolio is created to match the distributional properties of the target and in this case is similar to the replicating portfolio that is suggested by Kat and Palaro [2005] . However, our replicating portfolios evaluate all combinations of reserve assets to develop the portfolio that would deliver those properties at the lowest possible cost. If this cost is more than what it costs to get the same payoff from the target (i.e., the hedge fund that is being replicated), then not only do we have a replicating portfolio that can potentially offer the same payoff distribution as the target, but we have also shown that the targeted hedge fund is adding value; in other words, what the manager is selling cannot be bought inexpensively through other instruments. The other replicating portfolio that we create is the most expensive one that delivers the same set of properties as the target. Though this replicating portfolio is not desirable for investors, it is useful in measuring the performance of the target. If the cost of this portfolio is still less than the cost of receiving the same properties through the hedge fund, then one could strongly conclude that the manager of the targeted hedge fund is not only adding no alpha, but that he/she is actually destroying value.
NO-ARBITRAGE REPLICATION
As a way of introducing our approach to replication and performance evaluation, we first introduce a performance measure that relies on no arbitrage alone. Then we show how this measure of performance can be expanded into a more robust one when it is assumed that the market value of a payoff distribution is a function of a set of its properties such as standard deviation, skewness, kurtosis, covariance, co-skewness, etc. with a set ot benchmarks. The same procedure that is used to create a benchmark based on the properties oC the payoff distribution will produce a replicating portfolio as well.
To introduce our performance measure, consider the following numerical example. Below shows an economy where there are three assets and six possible states. Each asset costs $1 to purchase and provides the payoffs that are described above. Since there are more states (6) than assets (3), markets are said to be incomplete. The next question is, how do we know that these three assets do not allow for arbitrage opportunities? For example, how do we know that no combinations of assets 1 and 2 can be used to completely hedge the risk of asset 3 at a cost lower than SI? The answer to this question was provided by Harrison and Kreps [1479] . They show that if there exists a risk neutral probability, denoted by Q{ö), and
Current Price State
then there will be no arbitrage possibilities. The riskless rate is denoted by r. In the current example one can verify that 0.17, 0.14, 0.21, 0.12, 0.23, 0.13] will satisfy Equation (3). Note that since markets are not complete, there may exist many other possibilities for Q{0). Now suppose a hedge fund manager offers the following set of returns for an investment of SI.
State Oi 1.03 0.90
1.27^5 1.27 1.13
Can we say that this manager provides an alpha? In other words, would the existing assets allow us to create a replicating portfolio that would be at least as good as the hedge fund at a cost lower that $1? Given the theoretical work of Harrison and Pliska [1981] and Pliska [1997J, we know that the cheapest portfolio that would be at least as good as the hedge fund would cost PL^(O), where it is given by 1 PL, (0)= min (4)
Here, we calculate the current price of what the manager promises to deliver using all possible risk neutral measures that may exist in this economy and among these prices we seek the lowest price. Then PL,(O) will be the lowest cost of producing a payoff that is at least as good as the hedge fund's. By the same token, we can look for the most expensive portfolio whose payoff is not as good as the hedge fund's. This is given by the following expression:
In the current example it turns out that PL,(()) -0.85 and PU^{0) = 1.043. Therefore, it seems that the $1 cost of the hedge fund as suggested by the manager is not unreasonable and more importantly does not offer investors any arbitrage opportunities. A remarkable aspect of this result appears in Pliska [1997] , where he shows how to create portfolios that would cost PL,(O) and It is shown that /f.P{0) Subject to For alie (6) 
1=0
This means that the lowest fair price for the hedge fund manager is the most expensive portfolio that replicates the hedge fund's payoff but never pays more than the hedge fund. By the same token the highest fair price for the hedge fund manager is the cheapest portfolio that replicates the hedge fund's payoff but never pays less than the hedge fund. That is,
The PU replicating portfolio is similar to the cheapest portfolio that dominates the hedge fund in terms of first degree stochastic dominance, while the PL replicating portfolio is similar to the most expensive portfolio that is dominated by the hedge fund in terms of first degree stochastic dominance.
To demonstrate an application of these concepts, we apply them to a set of managers who report to the CISDM database. To apply the models discussed in Equations (6) and (7), we assume that each monthly observation of a manager's performance represents the realization of a state of nature. We restrict ourselves to 36 observations of monthly returns, which means we are assuming that there are 36 states of nature in the economy. To create the replicating portfolios, we restrict ourselves to a set of 13 assets. These 13 assets consist of 4 size-based portfolios. 4 book-to-market-based portfolios, 4 momentum-based portfolios, and the short-term U.S. Treasuries. The size, book-to-market and momentum-portfolios are calculated from the 10 size, 10 book-to-market, and [2008) . The following procedure is used to create the four portfolios:
where r.' is the rate of return on 10 size-based {j = 1), book-to-market-based ( / = 2), and momentum-based ( / ~ 3) portfolios. This means that 4 + 4 + 4+1 = 13 assets are used in the replication procedure.
The hedge fund data for this part consists of 150 unique managers from the CISDM database. The basic statistics about these managers are displayed in Exhibit 6 (note that all values in Exhibit 6 are multiplied by lO-*).
The properties examined in Exhibit 6 are the same as what we try to match m the next section of the article. The properties of hedge funds payoffs considered here are: 1) variance, 2) skewness, 3) covariance with return on the market portfolio, 4) covariance with small minus 
factors.
The results related to the portfolios that replicate the hedge fund managers using procedures similar to those discussed in Equations (6) and (7) are presented in Exhibits 7-11.
The most important conclusion that we reach from Exhibits 7-11 is that for this group of managers and during the period of January 2005 through December 2007 the returns did not represent any obvious arbitrage opportunities. We can see that all PU prices are greater than 1 and all PL prices are less than 1. Some of the managers can be replicated fairly well by existing assets and therefore their values of PU and PL are very close to each other. For example, for managers 1-3 displayed m Exhibit 11 the values of PL/and PL are rather close, which means that these managers' payoffs could be replicated fairly well by the existing 13 assets. In contrast, there are large differences between PiJnnd PL for managers 10, 17, and 22, and therefore the payoffs from these managers cannot be well replicated. Exhibit 12 displays the behavior ot PU and PL for manager 3 in Exhibit 7.
As we can see, the upper and lower bounds that are obtained under only one constraint, that no arbitrage opportunities should be found, are rather wide. The reason is that the no-arbitrage condition is not a very strong restriction, and, therefore, it will be common to fmd out that returns of only a few managers violate the no-arbitrage bounds.
REPLICATION OF HEDGE FUND PROPERTIES
In this section we show how the simple procedure described above can be used to create portfolios that replicate the statistical properties of a target. The model proposed by Kat and Palaro [2005] requires daily rebalancing of a simple portfolio to create a payoff that matches the properties of the target. Their approach is similar to the concept of replicating the payoff of derivative securities through continuous rebalancing. The Black-Scholes model shows that through continuous trading one can dynamically complete a market, and, therefore, replicate the payoff of a derivative security. Iu the same sense the Kat-Palaro approach replicates the payoff distribution of a target through continuous rebalancing of a portfolio.
The foundation of the new approach discussed in our article goes back to the theoretical work of Arrow [1970|. Rubinsteni [1975 . and DufTie and Huang [1985] , who show that complete markets can be achieved in two ways: 1) having sufficient number of assets to complete the markets and 2) having many trading opportunities to complete the markets. In this sense Kat and Palaro |2005] use the frequent trading approach to complete the markets and to replicate the payoff distribution of a hedge fund. In this section we show that using the first approach, the same goal can be achieved at potentially lower cost.
To see this, first consider two simple examples. Let ß^^ denote the beta of the hedge fund with respect to a benchmark portfolio, and suppose this is the only property that we wish to replicate. Then we can always find a portfolio of the riskless asset, F^^, and the risky asset, F|, such that the beta of this portfolio with respect to the benchmark is equal to ß^. Suppose ß. denotes the beta of a liquid asset i with respect to the benchmark. Then H'X^,+(l-tr)ft=/3^ Since ft =0
This simple example shows that two assets are needed to match a single property of the hedge fund {i.e.. its beta with respect to a benchmark). For the second example, suppose we want to create a portfolio with F and Fj that has the same standard deviation as the hedge fund. That is.
Since CT, , =0 a,.
w =
Again, using the above weights we can combine F^, and Fj so that the portfolio has the same standard deviation as the hedge fund. Of course, if there is a third risky asset, we may be able to accomplish both goals. That is, we may be able to create a portfolio that matches the standard deviation of the hedge fund as well as its beta against a benchmark.
The same approach can be used to replicate other properties of a hedge fund's return. Let m. denote the ith central moment of the return on the hedge fund. That is, m, = vanance skewness Also, let p denote the covariance of the return on a hedge fund with the /th factor when the factor is raised to the power of/e. That is p.^ =COV [R,F'^] . where R is the rate of return on a hedge fund and F is the rate ot return on benchmark /. The covariances will account for the potential nonlinear relationship between hedge fund returns and factors.
We now create a portfolio by investing w dollars in each asset. The value of the portfolio after one period is given by Similar to the hedge fund, we calculate the properties (HI, p.^) of the above portfolio as well. That is, let Q,^-{»),, ..., m__, /J|p ..., p.^) denote the set of properties of the hedge fund that are of interest to us. Similarly, £2 deuotes the same set of properties for the above portfolio. we can obtain Equation (9) from (S). Also, notice that (1 + R) is the next-period value of $1 invested in the hedge fund. So M^ is the nîost expensive portfolio that matches all relevant properties of the targeted hedge fund, but never pays off more than the hedge fund.
If M is the only investment available, then what is the lowest price that $1 invested capital in the hedge fund should sell for? If the manager has no skills and incurs transaction costs, the lowest market price for the SI invested should be less than one.
On the other hand, for a skilled manager, the lowest price could exceed SI-Given the value of M,, the lowest market price for the $1 invested capital in the manager is given by PL -\/M^.
In a similar manner we can create a second replicating portfolio denoted by M.,, which is deñned as M., = min-= mill V u'^ subject to (10)
(H)
This indicates that the replicating portfolio M^ is the cheapest portfolio that can replicate the properties of the hedge fund and at the same time never pays off less than the manager. Given the previous discussion. the highest price that one would be willmg to pay for an investment of $1 in this hedge fund is given by PU-1/M,. In summary, if In the next section we provide some preliminary empirical results of the model discussed here.
EMPIRICAL EVIDENCE
In this section we offer some preliminary empirical evidence with regard to the model discussed above. Since the most common approach to estimating replicating portfolios is the linear factor model (regression approach), we estimate such a model as well and compare the performance of the regression approach to the replicating portfolios generated using the approach discussed in the previous section.
The liedge fund data for this part consists oí the same 150 unique managers from 3 strategies that were used in the previous section. The primary assets that are used to replicate each manager consist of the four FamaFrench-Carhart factors that were used in the previous section plus the following: the 20-year Lehman Treasury Index, the Lehman High-Yield index, Goldman Sachs Commodity Index, MSCI Emerging Markets Index, and the 9()-day U.S. Treasury.
The* properties of the hedge funds that we wish to replicate consist of variance, skewness, and covariance and co-skewness with respect to the four FamaFrcnch-Carhart factors (i.e.. Market, SMB, HML, and Momentum). Therefore, we will attempt to match U) properties of hedge funds.
iw,^, skeu'i^, cou{R,M), coi'{R, SMB), coi>{R,HML),cou(R,MO), coi'{R,HML-),cov{R,MO-
Notice that in the Kat-Palaro approach a very limited number of properties can be matched. In particular, only covariance with one selected benchmark can be matched.
Exhibits 13-17 display maximum and minimum prices that are obtained for 150 managers covering 5 strategies. As indicated in the previous section, the exhibits displayed here represent maximum and minimum prices that one should pay for $1 invested in these hedge funds. It is important to note that these minimum and maximum prices are determined in the context of the primary assets that are available for replication. This means that a different set of primary assets may generate a slightly different set of values.
Results displayed in Exhibits 13-17 show that about 20% of the 150 managers have a maximum fair price that is less than SI. This means that for these managers one could replicate their payoff using existing assets at a cost that is less than $1. The majority of the 150 managers have maximum fair prices that are greater than one. which indicates that portfolios that would replicate their properties and have payoffs that are at least as large as these managers'would cost more than$l. Finally, it can be seen that for some managers the difference between PC/and PL is fairly small. This means that the payoffs of these managers are spanned by the existing set of assets. In such cases, one may conclude that on an after-fee basis these managers are either destroying or not adding any value to the portfolios.
We next examine how well one can match the 10 properties that were expressed in Equation (12). We do this by comparing the errors in matching properties from replicating portfolios constructed from our approach to those from the regression approach. Exhibit 18 provides a summary of the magnitude of errors in matching those properties where the error terms are defmed as sum of squared differences between the individual properties of the hedge funds and those of the replicating portfolios. That is,
We can see from Exhibit lH that the average and median errors for the two replicating portfolios PU and PL are very small and, more importantly, flir smaller than (10)) and the same properties as displayed by each manager (these properties are displayed in Equation (12)) (The results for the replicating portfolio PL are similar and available upon request). Exhibit 20 reports various statistics for the difference between the properties displayed by each regression-based replicating portfolio and the same properties as di.splayed by each manager. Both replicating portfolios can match some of the properties rather well. But as shown in Exhibit 18, the regression-based replicating portfolios do not provide as well an overall match as the two rephcating portfolios PL/and PL. This can be seen from Exhibits 19 and 20 as well. Clearly, the differences between properties of replicating portfolios PL/and properties of the hedge fund managers are in many cases much smaller than the same differences when regression-based replicating portfolios are used. In particular, replicating portfolios PU match volatility and skewness of hedge fund managers much better than the regression-based replicating portfolios, while in terms of other properties they perform equally well. Also, properties of certain strategies are better matched than the others. For instance, the replicating portfolio PU can match the properties of equity long-short managers much better than those of global macro managers.
The empirical results presented here cover a limited number of managers, and we have yet to present evidence on the statistical significance of the estimated values. Simulation and bootstrap methods may be used to determine if the values of PU and PL are significantly different from one. Also, the results presented here are all in-sample. Future research should examine out-ofsample performance of this new approach. However, if out-of-saniple tracking of hedge fund properties is both desirable and feasible, then the approach offered here should perform at least as well as the approach provided by Kat and Palaro [2005] . Future research should also address the question of the appropriate target for matching. In other words, is it more desirable to match a ñxed set of properties as we do here or to match properties of a hedge fund manager in real time as those properties evolve? If changing properties (e.g.. changing the beta of a fund) is a source of alpha, then the goal should be to match those properties of a fund as they change through time. However, if empirical evidence shows that changes in the payoff distribution of hedge funds are not sources of alpha, then a fixed set ot properties should be matched.
CONCLUSION
This article presented a new approach to benchmarking and replicating hedge fund returns. It is shown that similar to the Kat-Palaro approach it is possible to create replicating portfolios based on matching statistical properties of hedge fund payoffs rather than trying to match the time series behavior ot hedge fund returns. We estimated two replicating portfolios for each manager. One is denoted by PU and is the least expensive portfolio that offers payoffs expected to be no less than those provided by a given manager, while matching important statistical properties ofthat manager's payofF. The value of this portfolio will tell us whether the market value of $1 invested in a given hedge fund is greater or less than SI.
If the value of Pf./ is less than one, then we may conclude that one could replicate the payoff of the manager at a cost lower than $1. Our empirical results show that for the majority of the managers the values of PL/are greater than $t. The other replicating portfolios that we created are denoted by PL. These portfolios are the most expensive portfolios that are expected to perform as well as the hedge fund. The value of PL presents the lowest market price for $1 invested in a given hedge fund manager. Our empirical results show that for all managers the values of PL are less than PL'. For sonic managers PL ~ PU = 1, which means the payoffs of these managers can be replicated rather well with existing assets, and tbus their estimated alphas will be close to zero.
